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Abstract. The effective permittivity of an unconsolidated porous material is shown to be
not only a function of the permittivity of the individual components but also of the
distribution of particle sizes present. Increasing width of particle size distribution for glass
spheres and sieved quartz sand is demonstrated to reduce the effective permittivity of a
mixture compared to the effective permittivity of the corresponding monosize material.
The results are shown to lie between predictions made using the Maxwell-Garnett [1904]
formula for monosize spheres and a self-similar model [Sen et al., 1981] and can be
predicted by a multiple Maxwell-Garnett-based mixing model. The results demonstrate
that the degree of sorting of a material will directly influence the effective permittivity of
the mixture. This is beyond the effect of the change in permittivity caused by the
significant change in porosity resulting from the mixing of different particle sizes.

1. Introduction

Measurements of effective permittivity have become popu-
lar for estimating the volumetric water content of porous me-
dia. The water content of soil is often estimated using the
empirical formulae of Topp et al. [1980]. Kraszewski and Nelson
[1996] have presented extensive work estimating the water
content of grains from measurements of effective permittivity,
while in petroleum engineering, permittivity measurements
have been used to estimate the porosity of oil reservoir rock
formations [Poley et al., 1978]. Improved physical understand-
ing of the system should improve estimates of water content
from measurements of effective permittivity. Jones and Fried-
man [2000] have demonstrated that particle shape in the form
of platy particles can reduce the permittivity of an unconsoli-
dated media, the magnitude of which was found to depend on
the orientation of the mica particles with the applied electrical
field. The focus of this paper is not on the shape of the particles
but on the effect of particle size distribution on the effective
permittivity («eff) measured in granular materials. The subject
is introduced by briefly referring to findings from similar stud-
ies on electrical and hydraulic conductivity.

Electrical conductivity is widely used to characterize rock
formations for which Archie’s [1942] law, ECa/ECw 5 1/F 5
afm, provides an important part of electric-log interpretation.
ECa is the apparent electrical conductivity of the bulk material
(S m21), and ECw is the electrical conductivity of the solution
(S m21), F is the formation factor, f is the porosity, a is an
empirical parameter usually set to unity, and m is an empirical
parameter, termed the cementation index. A modeling study
by Chiew and Glandt [1987] suggested that the apparent elec-
trical conductivity of a polydisperse system would be sensitive
to the particle size distribution. Guyon et al. [1987] and Lemai-
tre et al. [1988] conducted experimental studies on the forma-
tion factor of binary mixtures of glass spheres; Guyon et al.
used fused mixtures of beads. In the more detailed latter study
on unconsolidated media, Lemaitre et al. found that there was

a small but noticeable increase in the formation factor as the
diameter ratio between the two particle sizes increased. Tyc et
al. [1988] also demonstrated that the use of a geometric model
accounting for a bimodal distribution of particle sizes (sand
and clay) improved the prediction of the permittivity and con-
ductivity with measurements on rocks.

Masch and Denny [1966] presented similar findings for hy-
draulic conductivity. In an experimental study they demon-
strated reduced permeability for unconsolidated sands with a
bimodal particle size distribution as compared with a unimodal
distribution.

Knowing that a particle size distribution effect had been
measured for both the electrical conductivity and permeability,
the challenge in this work was to see if we could measure the
expected, small effect of a bimodal particle size distribution on
the effective permittivity of a granular material. The concern of
this paper is not that of sand-clay mixtures [Knoll and Knight,
1994] but of mixtures of particles with similar orders of mag-
nitude. The present study only examines the high-frequency
effective permittivity of relatively lossless materials. Therefore
the effective permittivity («eff) can be considered to be the real
part of the relative permittivity («9/«0). The use of a time
domain reflectometer (TDR) for making the dielectric mea-
surements ensures that they are conducted at long wave-
lengths, which means that there is no scattering due to the size
of the grains. Grain size can also affect the dispersion charac-
teristics when charged surfaces are present [Chew and Sen,
1982]; however, the materials used in this study were free of
surface charges. Experimental work and modeling based on
the Maxwell-Garnett [1904] dielectric mixing formula are used
to demonstrate the effect of the particle size distribution on the
effective permittivity.

2. Theory and Modeling
Many formulae have been proposed describing the permit-

tivity of a composite dielectric [Sihvola, 1996]. In this work we
focus on a two-phase mixture of solid and water. The theoret-
ical approach follows that of the Lord Rayleigh [1892] mixing
formula,
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«eff 2 «0

«eff 1 2«0
5 f

«1 2 «0

«1 1 2«0
, (1)

where a small volumetric fraction of f 5 (1 2 f) of spherical
inclusions with a permittivity of «1 are embedded as isolated
spheres in a background or host dielectric «0 and «eff is the
effective permittivity of the mixture. Written explicitly for the
effective permittivity of a two-component mixture, it is known
as the Maxwell-Garnett [1904] formula:

«eff 5 «0 1 3f«0F «1 2 «0

«1 1 2«0 2 f~«1 2 «0!
G . (2)

Its explicit form and the fact that it satisfies the limiting cases
for either a vanishing inclusion phase or host phase has led to
its application in many fields [Sihvola, 1997].

Equation (1) formed the basis of a self-similar model pre-
sented by Sen et al. [1981]. These investigators set out to de-
velop a model, which would describe the permittivity of satu-
rated porous rocks. The sequential additions of the inclusion
solid phase into the host water phase allowed them to mix the
solid dielectric into a background of water so that the concep-
tual pore network would remain intact to low values of porosity
such as encountered in rocks. The derivation is given by Sen et
al. [1981] and results in

S «1 2 «eff

«1 2 «0
D S «0

«eff
D 1/3

5 f . (3)

The model presented by Sen et al. [1981] should apply to a
fractal medium of infinitely wide particle size distribution
(PSD) and should therefore form a lower bound for the esti-
mate of the permittivity of a real porous system made of
spherical grains of bounded PSD. These two equations (2) and
(3) should therefore form the upper and lower bounds for real
granular materials.

The present modeling approach is presented diagrammati-
cally in Figure 1 and starts with the smallest size fraction («1a),
with permittivity of 5 and volumetric fraction ( f1) being mixed
into the background of water («0) of volumetric fraction (f) to
obtain an effective permittivity («B) for this intermediate mix-
ture:

«B 5 «0 1 3S f1

f 1 f1
D «03

«1a 2 «0

«1a 1 2«0 2 S f1

f 1 f1
D ~«1a 2 «0!4 .

(4a)

We then treat «B as the background and mix the next solid size
fraction («1b) of volumetric fraction f2 into the intermediate
«B background to get

«eff 5 «B 1 3f2«BF «1b 2 «B

«1b 1 2«B 2 f2~«1b 2 «B!G . (4b)

As a result, an incremental mixing is developed based on the
number of size fractions present, n , to give the value of the
final effective permittivity of the mixture, the general equation
being

«eff 5 «B~n21! 1 3fn«B~n21!F «1 2 «B~n21!

«1 1 2«B~n21! 2 fn~«1 2 «B~n21!!
G .

(4c)

Figures 2a and 2b demonstrate this mixing approach for a
binary system of small and large spheres. Figure 2a is for a
two-phase mixture of solid («s 5 5) in water («w 5 80) for
a range of porosities from 0.2 to 0.5. Figure 2b is for solid
(«s 5 5) mixed in air («a 5 1). This method of mixing
particle sizes, compared to monosize, results in a reduced
permittivity when the background has a higher permittivity
than the inclusions and in an increased permittivity when the
background has a lower permittivity. The computed permittiv-
ity differences are small on a relative basis. However, for the
water-saturated case some effect should be measurable,
though this is working close to the accuracy limits of permit-
tivity measurement using TDR and presents some experimen-
tal challenge.

As an intermediate conceptual stage between binary and
multiple size fractions, we refer to a tertiary system of small,
medium, and large particles surrounding each other. Concep-
tually, this should not be associated with the common soil
textural division of sand, silt, and clay but can be thought of
more as fine, medium, and course sand. The computed effec-
tive permittivities of the different combinations of the three
volumetric fractions for a porosity of 40% completely satu-
rated with water are presented in Figure 3. Note here that the
minimum permittivity is not simply at the geometric center,
i.e., one third of each of the small, medium, and large particles.
It occurs at the point where the medium size fraction forms
one third of the mixture (0.33) and the small and large fraction
forms two thirds (0.67) but in the ratio of about one third small
to two thirds large, thus forming fractions of the solid of small
(0.25), medium (0.33), and large (0.42).

Figure 4 demonstrates the reduction in the permittivity ex-
pected according to the scheme presented in (4a), (4b), and
(4c) for mixtures with n equal volumetric fractions of increas-
ing particle size. The change in permittivity is consistent for
porosities ranging between 0.2 and 0.5 which are representa-
tive of real systems. The initial decrease in effective permittiv-
ity is the largest for the first two mixes accounting for effective

Figure 1. Schematic diagram representing the two mixing stages; «1 mixed into «0 to form the background
«B and then «2 mixed into «B to give the effective permittivity «eff.
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permittivity drops of ;1 and ;0.5, respectively. At infinite
numbers of mixing steps the permittivity is reduced by ;3
compared with the value for monosize spheres. One can see
how for very large numbers of mixes this approach converges
to the Sen et al. [1981] model as expected.

3. Materials and Methods
Three sets of experiments were conducted, two involving

glass beads and one with quartz sand. A description of the
materials is followed by a more detailed description of the
measurement techniques and experimental procedure, which
was the same for the different packings of materials.

3.1. Granular Materials

Experiments were conducted using two sets of granular me-
dia, well-characterized glass beads and quartz sand; their phys-
ical properties are displayed in Table 1. Highly spherical soda-
lime silicate glass beads (Mo-Sci Corp., Rolla, Missouri,
United States of America) were used. No permittivity infor-
mation was available; however, von Hippel [1954, p. 309] re-
ports a relative permittivity of 6.75 at 100 MHz for soda-lime
silicate glass. The quartz sand was collected from the
Yerucham Crator, Negev desert, Israel, and prepared in the
laboratory by acid washing and sieving. A value of s 5 4.3 was

assumed for the permittivity of the quartz based on results
presented by Carmichael [1982] and Lange [1966]; this value
was used in all the subsequent modeling.

3.2. Measurement of Effective Permittivity

A Tektronix (1502C) TDR cable tester was used throughout
the experiments to measure the effective permittivity. The time
domain reflectometer (TDR) was connected to a PC, which
was used to collect and analyze the waveforms using software
developed by Heimovaara [1993]. The TDR was connected via
a 2 m, 50 ohm RG 58 coaxial cable to a purpose-built sample
container. The sample container was a rectangular box con-
structed from Plexiglas with internal dimensions of 0.18 m
long, 0.07 m wide, and 0.1 m high. The waveguide, consisting of

Figure 2. (a) The reduction of the effective permittivity of a
binary mixture of spheres in water, relative to monosize, for a
selection of porosities, calculated using the Maxwell-Garnett-
based mixing model. (b) The minor increase of the effective
permittivity of a binary mixture of spheres in air, relative to
monosize, for a selection of porosities, calculated using the
Maxwell-Garnett-based mixing model.

Figure 3. A triangular contour plot showing the distribution
of effective permittivity for three-step mixing of small, medium,
and large grains with a porosity of 0.4, «s of 5, and «w of 80.

Figure 4. The effective permittivity of mixtures of selected
porosity according to the number of size fractions mixed, use of
equations (4a), (4b), and (4c). Note as the number of mixing
steps increases, the values of permittivity converge to those
predicted using the Sen et al. [1981] equation (3), represented
by the solid lines.
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two stainless steel plates 150 mm in length, 20 mm in height, 2
mm thick, and with a center spacing of 20 mm, was mounted
through the end wall of the box (Figure 5). The waveguides
were calibrated for effective length using deionised water in
the same manner as in the work of Heimovaara [1993]. The
geometry of parallel plates was chosen in preference to rods to
give a more uniform energy distribution within the sample
[Robinson and Friedman, 2000]. Ten waveforms were collected
using the TDR device and averaged to measure the effective
permittivity of the mixture.

3.3. Experimental Procedure

3.3.1. Experiment 1: Binary mixtures of 50 and 500 mm
glass beads. Measurements were made using two sets of glass
beads, each having a narrow size range, large (450–500 mm)
and small (45–53 mm). Mixtures of the two size fractions were
made according to the mass of the beads. Since the measured
particle densities of the large and small beads were found to be
the same (Table 1), the mass and volumetric fractions were the
same. Beginning with monosize large beads, mixtures were
made with 0.15 small, 0.33, 0.50, 0.66, and 0.8 through to
monosize small beads. To ensure an even distribution of large
and small beads in each mixture, the dry beads were sprayed
with 10 g of deionized water and mixed thoroughly in a con-
tainer.

Deionized water from a weighed 1 L beaker was poured into
the sample container, initially covering a depth of 10 mm. The
beads were carefully spooned into the water, the level of which
was increased as more beads were added; careful stirring en-
sured even packing of the material. Excess water was removed
from the top of the mixture using a syringe and placed back in
the beaker of water for the mass balance. Tight packing was
achieved by banging and agitating the sample container.

The weight of the sample container was recorded, and the
volume was determined by pouring water into the container,
on top of the mixture which was protected by a thin film, then
reweighed once full with water. The water-filled porosity and
dry bulk density were then calculated. This procedure was
repeated in order to obtain the data sets. The temperature of
the laboratory was controlled at 258C 6 18C, and the sample
temperature was monitored.

3.3.2. Experiment 2: Quartic mixtures of 50, 100, 200, and
500 mm glass beads. The procedure laid down for experi-
ment 1 was repeated using four size fractions of glass beads.
Three mixtures were used and had mass fractions of 0.1, 0.2,
0.3, 0.4; 0.4, 0.3, 0.2, 0.1; and 0.25, 0.25, 0.25, 0.25 for the
(45–53 mm), (90–106 mm), (180–212 mm), and (450–500 mm)
beads, respectively.

3.3.3. Experiment 3: Binary mixtures of quartz sand.
The procedure laid down for experiment 1 was repeated using
quartz sand. The size fractions consisted of a coarse fraction
ranging between 355 and 500 mm and a fine fraction ranging
between 100 and 140 mm. In addition to monosize grains a
mixture of 0.33 small (100–140 mm) particles in large (355–500
mm) particles was used.

4. Experimental Results and Discussion
The effect of particle size distribution on the effective per-

mittivity is expected to be relatively small, for example, a 4%
reduction for a binary packing with 40% porosity (Figure 2a).
The challenge in this work was to measure this small effect and
to experimentally demonstrate the justification of the mixing
approach presented in (4a), (4b), and (4c).

Table 1. Properties of Granular Materials

Medium,
mm

Size
Fractions,

mm

Particle
Density,
g cm23

«s Used in
Calculations

Glass beads
500 450–500 2.47 6.75a

200 180–212 2.47 6.75a

100 90–106 2.47 6.75a

50 45–53 2.47 6.75a

Quartz sand
400 355–500 2.64 4.3b

100 100–140 2.64 4.3b

aPermittivity values after von Hippel [1954].
bPermittivity values after Carmichael [1982].

Figure 5. Schematic diagram of the cell construction showing the parallel plates contained within the
measuring container constructed from plexiglass.
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4.1. Results Obtained Using Glass Spheres

4.1.1. Experiment 1: Binary mixtures of 50 and 500 mm
glass beads. The initial effect of mixing two particle sizes is to
reduce the porosity of the mixture relative to monosize. The
results demonstrating the change in porosity of a mixture with
varying fractions of small spheres are shown in Figure 6. Two
models are presented to describe the change of porosity with
volume of fines in coarse material. The ideal packing model
[Koltermann and Gorelick, 1995; Chan and Knight, 1999] splits
packing into two stages; the first is when the total volume of
small beads fsmall (volume of solid plus its porosity) is less than
the porosity of the large grains flarge.

fmix 5 f large 2 f small~1 2 f small! f small , f large, (5a)

where fsmall is the porosity of the small beads. The minimum
porosity occurs at fsmall 5 flarge, and its value is

fmin 5 f largef small. (5b)

When fsmall exceeds flarge, the porosity is determined by the
volume fraction of the small beads:

fmix 5 f smallf small f small . f large. (5c)

This model greatly underestimates the practical, achievable
porosity, especially in the midrange. However, a semiempirical
fractional packing model [Koltermann and Gorelick, 1995] with
an empirical constant, ymin 5 0.8, gives a reasonable fit to the
data. Like the ideal packing model, it is in two parts; the first
describes porosity when the total volume fraction of small
spheres fsmall is less than the porosity of the large spheres:

fmix 5 f large 2 f small~ y 2 f small! f small , f small, (6a)

where y is an empirical coefficient reflecting the relative pro-
portions of small and large beads. The value of y varies linearly
according to

y 5 f smallS ymin 2 1
f large

D 1 1 f small , f large; (6b)

ymin in our case is expected to be 0.8 for a diameter ratio of 10
[Koltermann and Gorelick, 1995]. The minimum porosity again
occurs at fsmall 5 flarge, and its value is

fmin 5 f large~1 2 ymin! 1 f largef small f small 5 f large. (6c)

The second part is for a total volumetric fraction of small beads
greater than the porosity of the large beads:

fmix 5 f large~1 2 y! 1 f smallf small f small . f large. (6d)

The value of y now varies linearly from ymin according to

y 5 ~ f small 2 1!S 1 2 ymin

1 2 f large
D 1 1 f small . f large. (6e)

This modeling approach gives a good fit to the data, an excep-
tion being for the 0.15 data, which sit above the line. This was
due to some of the small beads flowing through the pores in the
large beads creating a somewhat uneven distribution of the
small particles in large particles on a macroscale.

The effective permittivities of the seven sets of glass bead
mixtures are presented in Figure 7. The porosity, modeled by
fractional packing (equations (6a)–(6e)), was used in the mod-
els describing the effective permittivity. The lines represent the
predicted permittivity according to the Maxwell-Garnett [1904]
model (dashed line) and the Sen et al. [1981] self-similar model
(solid line) forming the expected upper and lower bounds for
a solid with a permittivity of 6.75 immersed in water with a
permittivity of 78.5. The higher actual porosity of the 0.15
volumetric fraction of small beads compared to that expected
according to the fractional packing model is reflected here in
measured permittivities slightly higher than those predicted
using the packing model.

It should be noted that the binary system of 50 mm and 500
mm glass spheres referred to in the present study is quite
different from the sand-clay mixtures discussed by Knoll and
Knight [1994] and Knoll et al. [1995], since the clay particles in
those studies were nonspherical and usually smaller than the
sand grains by a factor much greater than 10. The clays may
have formed into aggregated (flocculated) states, rather than
having been single particles. There is also likely to have been
an effect caused by bound water on these clay particles, which
can seriously reduce the permittivity of the water in contact
with the clay plates. Therefore one should not directly infer

Figure 6. A comparison of the porosity of the collected data
with predictions made using the ideal packing model (equation
(5)) and the fractional packing model (equation (6)) with a
packing coefficient of y 5 0.8.

Figure 7. The effective permittivities of seven mixtures of
glass beads demonstrating how they relate to the Maxwell-
Garnett [1904] (equation (2)) and Sen et al. [1981] (equation
(3)) models.
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from the results of the present study to mixtures of sand, silt,
and clay particles constituting real soils.

Figure 8 subtracts the predicted permittivity using the Max-
well-Garnett model for a packing of monosize spheres of the
same porosity from the measured permittivities. The reduced
permittivity from that of monosize can clearly be seen as the
particle size distribution changes other than for a small fraction
of 0.15 where the value is positive because of the flow of the
fine through the coarse as mentioned. The permittivity of the
mixture is reduced by ;2, going from monosize to one third
small particles mixed in large particles. This is very similar to
the pattern derived from theory and presented in Figure 2a for
fixed porosities.

Figure 9 presents the measured effective permittivities of the
mixtures of large and small beads against the actual porosities
of the mixtures. The Maxwell-Garnett and Sen et al. models
are plotted defining the expected upper and lower bounds. The
Maxwell-Garnett model is plotted down to a minimal porosity
of 0.26 representing the porosity of a face-centered cubic pack-
ing of monosize spheres. The data for both small and large
monosize spheres packed to different porosities can clearly be
seen to follow the line predicted by the Maxwell-Garnett
model, the unexpected close fit suggests that the permittivity
value of 6.75 used for the solid is perhaps low and is being
investigated. A value of 0.35 was found to be the minimum
achievable porosity using monosize beads. As the mixing of
small beads into large occurs, so the data can be seen to
diverge from the Maxwell-Garnett prediction toward that of
Sen et al. and then converge back to the Maxwell-Garnett
prediction as the mixing progresses to monosize small beads.
The prediction of the two-step mixing model (equations (4a),
(4b), and (4c)), represented by a cross for each of the data
groups and connected with cubic splines, follows the pattern of
the data, lying slightly above the measured values, which is very
acceptable agreement considering the inherent experimental
difficulties.

4.1.2. Experiment 2: Quartic mixtures with 50, 100, 200,
and 500 mm glass beads. The results using mixtures of four
sizes of glass beads with the same width of particle size distri-
bution as in experiment 1 (50–500 mm) are presented in Figure
10. These mixtures present a more continuous particle size
distribution, compared to the bimodal one of experiment 1.
The three mixtures represent uniform (circles), increasing (sol-
id triangles), and decreasing (open triangles) particle size dis-
tributions. Again, the Maxwell-Garnett and Sen et al. models
provide an upper and lower bound. The data for the monosize
spheres are the same as presented in Figure 9. All three mix-
tures again show the reduction in the permittivity compared to
monosize packing. Again, crosses are used to represent the
prediction of the four-step mixing (equation (4c)), joined to-
gether with cubic splines. The results using the limited mixing
approach are in remarkably good agreement with the data.

4.2. Results Obtained Using Quartz Sand

Figure 11 presents results collected using acid-washed
quartz sand grains. The Maxwell-Garnett and Sen et al. models
present the expected upper and lower bounds for a solid with
a permittivity of 4.3. The effective permittivity values calcu-
lated by the two-step mixing for a binary mixture of spheres are
presented in Figure 11; below these calculated values are ef-
fective permittivity values with 1.6 subtracted to demonstrate
agreement with the measured permittivity values for the pack-
ings. We believe that this initial reduction of 1.6 from the
permittivity is due to the reduced sphericity of the sand grains
and is something we discuss briefly but hope to explore further
in future work.

Figure 8. Measured permittivity minus the permittivity pre-
dicted using the Maxwell-Garnett model (equation (2)). Note
the similarity in shape of the fitted polynomial (solid line) to
Figure 2a.

Figure 9. Measurements of the effective permittivity of bi-
nary mixtures of glass beads at saturation and the predictions
by the Maxwell-Garnett and Sen et al. models and the pre-
sented two-step mixing method.
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It is clear that the data of the monosize grains do not fall on
the Maxwell-Garnett prediction assuming spherical inclusions
with an «s of 4.3. It is probably the less regular and spherical
shape of the sand grains that reduces the effective permittivity
of both the monosize packing and the mixtures. Knowing the
Maxwell-Garnett predictions for glass spheres appear accu-
rate, an effective aspect ratio can be determined for an isotro-
pic packing of oblate ellipsoids of revolution [Sihvola and
Kong, 1988; Jones and Friedman, 2000]. An aspect ratio of 4
(4:4:1, disk-shaped particles) was determined to give an upper
bound; this is not to say that the particles are ellipsoids of this
shape but that the effect that they have on the shape of the
water bodies is equivalent to oblate ellipsoids with this aspect
ratio. This suggests that factors such as grain angularity and
surface roughness are contributing factors to lowering the per-
mittivity and should be included in models such as that of
Friedman [1998].

5. Conclusions
Measurements carried out with mixtures of glass beads and

sand grains of different size demonstrated that particle size
distribution has a small but measurable effect on the effective
permittivity of saturated, unconsolidated porous media. A lim-
ited-mixing approach based on the Maxwell-Garnett model
was found to adequately describe the effective permittivity of
mixtures of different sizes of glass beads. The modeling dem-
onstrates that the permittivity of a bimodal mixture of glass
spheres may be reduced by about 4% compared to the equiv-
alent monosize packing. For most practical measurements this
effect can be neglected; however, in some highly sorted mate-

rials it might be considered as a source of potential error in
estimating porosity from permittivity measurements. The the-
ory provided and experimental results give a good explanation
as to why effective permittivity measurements for different
samples of the same material but of different degree of sorting
may differ slightly at saturation, above and beyond the effect of
porosity.
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